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1. Introduction
Structural properties of a star (or a polytropic stat) and 
particularly of white dwarfs, have been a fascinating subject 
of study to applied mathematicians and to astrophysicists 
lor long (:: 10^  yrs). As pointed out by Chandrasekhar [ 11, 
the theory of polytropes is the most important contribution 
which “stellar structure" has made to Applied Mathematics. 
The main objects of the studies in this direction are to : 
(i) derive the complete march of physical variables, such as, 
the density p . the temperature etc., (ii) describe 
quantitatively the kind of steady state prevailing inside the 
star, and (iii) evaluate the fundamental physical processes for 
setting up the steady state.
Most of the stars in the sky can be studied in Newtonian 
physics. Such Newtonian stars arc of importance and certainly 
deserve careful attention from the viewpoint that they 
become the limiting cases for the most exotic objects of 
interest to the general relativists. White dwarfs can be 
distinguished from other stars fundamentally by their 
“luminosity" and “faintness", such as the companion of 
Sirius is well recognized by its high values of the density 
(10* gm cm 1 and even I08 gm cm ') and smaller si/e than 
those of stars on the main series. Because of their higher 
temperature, they are “whiter" and named “white dwarfs"
The clue to the understanding of the structure of while 
dwarfs was first discovered by Fowler [2] who pointed out 
that the electron assembly inside the stars must be degenerate 
in the sense of Fermi-Dirac statistics. Using suitable equations 
of state, several authors have discussed the structure of the
stellar models or of white dwarfs under the treatments of 
Newtonian [2 ()|, special relativistic [10 121 and general 
relativistic 113- 17] theories m a variety of density ranges 10* 
p  1()\ lO*' p  1011 and p  * I0ll) (gm cm"3), 
respectively. As general relativity predicts stronger 
gravitational fotccs in astrophysical bodies, it provides a 
better treatment to the problems in situations (free 
neutron regime between the density range p  -  4 3 ■* 10M 
gm cm 1 and 2.4 * I014 gm cm \  and beyond p  ~ 1.5 '  lO1*5 
gm cm \  where the physics of matter is poorly understood) 
where the Newtonian theory lads.
The theory of pressure ionization lias been put forward 
by many eminent workers [18 20] in the study of the 
internal constitution of non-relativistic polytropic stars, 
massive stars, white dwarfs and planetary bodies, as well as 
in the general relativistic problems 113,21 24] foi describing 
equations of state ol cold, catalyzed matter m different 
density ranges from p  - 101 gm cm 4 to the highest
densities. White dwarfs and planets arc well-approximated 
by polytropes with  ^ 4/3 p <  5/3. Ramsey |25], Bullen 126J 
Brown [27], Mestel |28| and Inglis [20) have made a detailed 
study of the internal constitution of planets and white 
dwarfs, which later on, were followed by several other 
contributions F;or example in our previous w'ork [30,31], 
we considered the effect of nuclear size correction to 
the relativistic Thomas Fermi Model and the limiting 
mass of dense stellar matter. Hie theory of rotating white 
dwarfs can be viewed as well advanced. I he early works 
of James |32] (on rotating degenerate poly tropes),
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Ostriker 133,34] and Durisen [35] (on differentially rotating 
degenerate configurations in Newtonian theory) contain 
very nice treatments of the structures and stability properties 
of white dwarts.
In the above works, and particularly, in special relativistic 
problems [1,11,12] with which we are presently concerned, 
the methods generally adopted to solve the equilibrium 
equations are : (i) perturbation approach, (ii) variational 
principle, (iii) formation of self-consistent density and 
potential distributions, and (iv) numerical methods. In the 
applications of these methods, one is generally faced with 
the difficulties that these are, however, lengthy, cumbersome 
and involve mathematical complexities from computational 
view-point. Clearly previous numerical method are not 
also economical for the computer programming. To avoid 
all such difficulties, an easier and shorter method called 
Pade’ (2,2) approximation technique has been employed, as 
used elsewhere [17,35 37] for analytically solving the 
equilibrium equations. We find that one may compute the 
gravitational potential ^ (eq 8) for an arbitrary value of the 
dimensionless radial distance // with utmost ease and the 
boundary value i]\ can be obtained from the biquadratic 
equation (10) without the need of computations of long 
tables.
In Section 2, special relativistic structure equations are 
briefly described. Section 3 deals with the approximate 
analytical solutions leading to the description of the physical 
structure of the white dwarfs. Results of our calculations are 
presented in tabular [Tables 1 and 2] and graphical forms
T ab ic  I. C om parison of apptoxim atc analytical values with sophisticated 
num erical values
VM“ ' m n W (’i) P u / f
0 00 68068* 2 0182* 54 1820*
6 021 1 1 0018 54 4820
3 523- 10 *♦♦ 0 0130** 5 537-10
0 01 5 3571* 1 9 *2 1 * 26 203*
5 5881 1 0230 27 015
0 (Ml** 0 005** 00 (Ml **
0 02 4 0857* 1 X6S2* 21 486*
5 2880 2 3441 22 603
0 060b** 02568** 00 052**
0 05 4 4601* 1 7006* 16 018**
4 7370 1 8126 16 883
00623** 0060** 00 054**
0 10 4 0600* 1 5186* 12 626*
4 3509 2 2528 13 346
0 0715** 0 4835** 00 057**
0 20 3 7271* 1 2430* 00 0348*
4 0372 1 8650 10 571
00832** 0 5012** 00 0n4**
I ab le  2. Com parison o f  approxim ate analytical values o f  A//A/, with its 
sophisticated num erical values
v,c A//A/, /*//,
0 00 1 0000* 0 0000*
l 0133 0 0000
0 0133* —
0 01 0 9573** 0.5357*
0 9528 0 5588
0 0047** 0 0430**
0 02 0 92410* 0 70508*
1 1615 0 7478
02567** 0 0606**
0 05 0 84709* 09973*
0 89810 1 0594
0 0602** 0 0623**
0 10 07524* 0 2867*
1 1162 1 3787
0 4835** 00715**
0 20 0 6185* 1 6668*
0 9241 1 8055
0 5006** 00832**
♦C handrasekhar's (1 | values 
♦♦Relative lirror R I
[figures (1—3)] which are found to be in good agreement 
with those of numerical methods. Section 4 describes some 
important structural parameters. Discussion on the velocity 
of sound is given in section 5.
012
Figure l. I he (v /c . /;) curves plotted for small electronic concentrations 
\ 0 0 t.acli curve is labelled by the corresponding value of
Relativistic structure of white dwarfs 347
*0 —> co b ach  curve is labelled for the corresponding value o f
l; igurc 3. The total energy E versus - ( rj2 #'  lot >o - 0 0 1 , 0  02, 0.05, 
0 10, 0 20 and 0 30
2. Special relativistic structure equations
The fundamental equation of hydrostatic equilibrium for 
spherically symmetric distribution of mass of a fluid obeying 
an equation of state of the form
P = Af(x)\ Bx3 = npcH -  p , c o
can be written as [1]
(2)
where f ( x ) ~  x(2x2 -~3)(x2 + l)- + 3sin h ]x\
n ~ electronic concentration 8/wrVW3/?3.
P, p  and r denote the total pressure, density and radial 
distance, respectively (A ~ mnAc*/3h* -  6.01 * 102~, B ~ 
%7Tnfc?pi.HI3hs gm cm"3, h -  Planck’s constant = 6.62 * 
10 27 erg. sec. H -  mass of the proton r 1.672 * I0“24 gm. 
Pc -  mean molecular weight n 1, G = 6.67 * 10~8 Dyn- 
cm2/gm2). After the substitutions,
To ~ *o + 1I, r ~ an-.y = y ^ a . [ % y  -± - .  (3) 
eq. (2) is transformed into the form
Jl_
.Vn (4)
which satisfies the following boundary conditions :
<£(0) =  I,  0'(rj)  =  0 .  (5 )
The boundary 7]\ of the configuration is defined by
(6)
where ^ is the gravitational potential.
3. A p p ro x im a te  an a ly tic a l so lu tio n s o f  e q u a tio n  (4)
The series solution of eq. (4), containing terms up to ;/8, 
under the boundary conditions (5) can be written as
<p(rj) =  1 + a p j2 + a 77]A + a 3*76 + a Ar f + ...........  ( 7 )
where f l  a , . .  ? ! < V + I4)
7!
<76(339</- +280) , , , ,a* = ..3 ^ 9 ,------ L\ q‘ = (,vf? -1)/>^2.
Then, it immediately follows that approximate analytical 
solution (Pade’ (2,2) approximation) of eq. (4) can be put in 
the form of rational function
<KTl) = 4>ii(n)=i
1 + A ?]2 + Bij4
1 + Ct;2 ’
where A, B> C and D are constants given by
(8)
(a2cti ~a}a4)
(9)
A =  ~ ct\ +  C, B -  a2 ~ ci\C + D ,  C = -
D -  ~ ) / A\ A -  a\ - .
The geometrical size (boundary value £0 of the configuration 
is given by the following biquadratic equation
( B - D y ^ ) n * x + ( - 4 - 0 - 5 ' ) ^  + ( 1  - V H 0 - ( 1 0 >
4. Som e im p o r ta n t  s t r u c tu r a l  p a ra m e te rs
(a) The ratio of the mean density to central density :
The ratio of the mean density p  of matter (interior to r = 
R = arj) to the central density pv is given by [1]
( 11)
(b) The mass :
The mass of the whole configuration is given by
3
( 12)
where denotes the derivative of <f> with respect to the radial 
distance rj.
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(c) The ratio of total mass M to the limiting mass M3 :
The relation M/M3 O(y0) = - ( 7 2«% = *lu (13)
Oto 3 = ~(4 2 0 >)Z = 4 \ )\4 = J 2 03
defines the ratio M/My {M$- limiting mass of the configuration 
corresponding to that of the polytropic index 3).
(d) The ratio R/l,:
An important quantity which measures the ratio of total 
radius R to the length /i(~7.71xl08)//i0cm; //0 = central 
mean molecular weight) is given by
Tr = m '  (i4)
(e) The total energy E:
Following the fundamental principle of equivalence of mass 
and energy, the total energy E of the configuration is
3
E Me2- (15)
where c = velocity of light -= 2.9978* 1010 cm/scc and 
mean molecular weight ^ 1, for all practical purposes. 
Obviously, the total energy E is directly proportional to 
(7 2^% =/;,; Figure 3 shows that E increases monotonically 
with the mass function ~(//2^ ') 7=r;?| for y02 =0.01, 0.02,
0.05, 0.10 and 0.20.
(f) The gravitational potential :
The gravitational potential V of the configuration of total 
mass M and radius R (r - R) is given by [1].
(RZr)  (16)
which can be re-expressed as
5. Velocity of sound
We shall discuss the velocity of sound inside the 
configurations for two cases : (i) small electronic 
concentrations ( a -—> 0) and (ii) large electronic concentrations 
(x -> oo).
Case (i) For x—> 0, f(x) -  Hx5 /5
Then, according to the first law of thermodynamics, the 
general expression for the velocity of sound v, in the fluid 
(under the assumption of adiabatic process is given by
°  S c “ energy density = pc2. (18)
C~ u £
Using the equation of state (1), we obtain from the foregoing 
equation i
u/c = 0.013468725x5 = 0 .013468725y |^2 - - j j j 2. (19)
Case (ii) For x -*°o, f(x) = 2xv :
Hence, we obtain from (1) and (18);
v/c = 0.013468725x2 = 0.013468725^11 <j>2 (20)
Figures 1 and 2 illustrate the characteristic features of v/c 
for five selected values of the physical parameter y6 2 = 0.01,
0.02, 0.05, 0.10 and 0.20. We note some common 
properties : (i) values of vv are the highest at the centre, 
decrease monotonically outwards from the centre and tend 
to zero at the boundary of the configuration (ii) sound 
velocity decreases with the increases of yo2. In the case 
x -*oo, (v/c, rj) curves show more steeping trend for>>o2
0.01 than those foryo2^ 0, 02, 0.05, 0.10 and 0.20 (v/c attains 
the lowest value for v<f2 -  0.20 and shows very small 
variations with rj).
Tables 1 and 2 present a comparative study of the values of 
some physical parameters, such as, the boundary values tj] , 
mass function ratio of central density to mean
density p0/p  and the ratio of total mass to the limiting mass 
Ml My, the ratio of the geometrical size R to the length / 1, 
/?//i, respectively, as obtained by our present approximate 
analytical technique and those of previous numerical methods. 
The domain of the exactness of our results is measured by 
the relative error
where Vw  and Vnu denote values obtained by thetkan a lv ticaF  
and “numericaF methods, respectively.
From Tables 1 and 2, it is clear that our approximate 
analytical results are very close to those of previously 
calculated values as indicated by the relative error R.E. 
formula.
6. Conclusions
(i) An analytic approach has been made to discuss the 
special relativistic structural features of white dwarfs 
governed by the differential eq. (4) under the 
boundary conditions (5).
(ii) Approximate analytical solution to the equilibrium 
equation (4) is obtained in simple form [eq. (8)] 
suitable for computer programming.
(iii) The main advantages of the present approach are :
(i) Exhaustive computer programmes are not needed 
to compute the numerical values of the physical 
parameters; (ii) Most importantly, the boundary 
values tj] of the configurations can be determined 
with least effort in minimum time by simply solving 
the biquadratic equation (10) without any necessity 
of making long table of ip and ij as used in previous 
numerical methods; and (iii) The present method is 
most economical from the computational of view.
(iv) Structural parameters of the white dwarfs, such as, 
the ratio of mean density to central density [eq.( 11)]»
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the ratio o f  total radius to the length [eq. (14)] and 
the ratio o f  total mass to the limiting mass (eq. (13)] 
have been obtained in convenint forms. Tables 1 
and 2 list the numerical values o f  ~ /;h rf\<j)\i] \ ), 
p{) j~p and M l R / l \  respectively, for a new 
assigned values o f  vo2.
It has been found that our approximate analytical 
results are in good agreement with those o f  
Chandrasekhar, computed by the numerical method. 
The domain o f  the accuracy o f  our approximate 
calculations is indicated by the relative error in 
Tables 1 and 2 [marked with double asterisk^*)].
(v) Figures 1-3 illustrate the characteristic features o f  
the ratio or velocity o f  sound to that o f  fght 
v ie  (< I, agreeing well with the physical principle 
o f  causality for both small ( * - > 0 )  and l|urge 
(x -> a > )  electronic concentrations in s id e ‘the 
configurations and total energy E for y(, 2 = aoi, 
0.02, 0.05, 0.10 and 0.20.
(vi) Stability considerations could be another aspect o f  
the problem which, we hope, to be able to return in 
future work.
Acknowledgments
T he author would like to thank the referee for his constructive
suggestions which enabled the author to improve the work.
References
111 S Chandrasekhar .lit Introduction to the Study of Stellar 
Structure (Chicago University of Chicago Press) (1930)
|2| R It fouler Mon Not of Roy Asiron Soc 87 114 (1926)
|3| F C Stoner Plul Mag 7 (1929)
[4] F C Slonei Phil Mag 9 (1930)
|5] F A Millie Mon Sol of Roy Asiron Sul 96 769 (1930)
|6| S Chandrasekhar Mon Sot of Roy Aaron Soc 91456(1931)
|7| .1 P Shurma Aita Asiron 7 (1980)
|8] J I* Xharina DSc The.ua (University of Gorakhpur, Gorakhpur. 
India) (1981)
|9j J P Shamia Astrophys. Space Set 163 109 (1990)
|I0 | S Shandrasckhar Mon Sot of Rov Astron Soc 91 466 (1931)
| l l ]  S Shandrasckhar Mon Sol of Roy Asiron Soc 95 226 (1935)
112) I) S Kothari Phil Mag II 1130 (1931)
113) l) k Harrison, k S Tlwrnc, M Wakano and J A Wheeler 
Gravitation Theory and Gravitational Collapse (Chicago 
University ot Chicago Press) (1965)
114) K S 'Ihome in Hautes Energies en Astrophysique Vol,3 (New 
York Gordon and Breach) (1965)
115) K S Thome Astrophys J 212 825 (1977)
) 16] J P Sharma Astrophys Space Sci 135 409 (1987)
[17) J P Sharma Astrophys J 329 232 (1988)
118) D S kothari Nature 137 157 (1938)
119) P I , Bhatnagar and I) S Kothari Proc Sail Inst Sci (India) 8 
377 (1942)
)20] W II Ramsey Mon Not of Roy Asiron Soc 108 406 (1948)
|21) Ya B 7,c' Idovich. C W Misncr. Kips S I home and .1 A Wheeler
Gravitation San Francisco W 11 Freeman), Ch.23 (1973). 
Ya B Zc'ldovich and 11) Novikov Relativistic Astrophysics Vol. I 
(Chicago University o! Chicago Prcssl (1973)
)22| Zc’ldovich Ya B ami 1 1) Novikov Relativistic Astrophysics 
(Chicago University of Chicago Press) (1974)
[23] J P Sharma Annales de la Socic'tc' Scientifique de Bruxelles 
Means volume in Belgium Science paper backs (Publisher in 
Belgium) 131 (1977)
(24) F Derek Lawden An Introduction to Tensor ('alculus and Relativity 
(Methuen and Co Ltd and Science Paperbacks) C'h.6 (1967)
J25| W 11 Ramsey Mon Sot of Roy Astron Soc 109 46 (1949) 
)26) K 1. Bullen Mon Sot of Roy Astron Soc 110 256 (1950) 
|27] H Brown Astrophys J Ml 641 (1950)
[28] l. Mcstel Mon Sot of Roy Astron Soc 112 583 (1952)
|29] J lnglis Planets, Stars and Galaxies An Introduction to Astronomy 
(New York John Willey) (1972)
|30| J P Sharma Acta Phys Hungartca 73 2 (1993)
[31] J P Sharma Indian J Phys 67(B) 137 (1993)
|32] R A James Astrophys J 140 552 (1964)
|33| J P Ostriker am! I‘ Bodenheimer Astrophys J 151 1089 (1986) 
)34] J P Oslrikcr and J I. Tassoul Astrophys J 155 987 (1969)
[35] R H Durisen Astrophys J 199 179 (1975)
[36] Z F Scidov and J P Sharma Experientia (Schweiz) 35 293 (1979)
[37] J P Sharma D Phil Thesis (University of Allahabad, 
Allahabad, U P , India) (1970). also Indian J Phys 70(B) 
277 (1996)
